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INTRODUCTION 
In recent years, attention has shifted from the ultrasonic NDE 
of bulk flaws to flaws in structural components that involve nearby 
surfaces. Very often it is convenient to ex~ine the part in a water 
tank, locating the transmitting/receiving transducers in water. This 
paper is concerned with a theoretical study of a near surface flaw 
in an immersion tank experiment. The analytical problem to be 
studied is the scattering of ultrasound by an obstacle that is 
located near a solid-fluid (water) interface. The distance 'd' of 
the center of the flaw from the interface ranges from 'a' to 'lSa' 
where 'a' is a typical radius of the flaw. 
The present formulation is based on a self consistent approach 
utilizing the T-matrix to characterize the scatterer response and 
transmission and reflection matrices to characterize the effect of 
the interface. If the fluid half-space is absent, the final 
expression for the scattered field that is derived here reduces to 
that obtained by Bostrom and Kristensson. l They give a more rigorous 
derivation for a scatterer in an elastic half space starting with 
the integral representation of the field. At the present time, no 
work can be referenced from the existing literature that deals with 
scattering from obstacles in joined fluid-solid half spaces. Pre-
viously, Varadan and Varadan2 have given a self-consistent formu-
lation for problems involving scatterers in the presence of nearby 
boundaries. The present paper is an extension of this approach to 
joined half spaces. 
In the second section of this paper, expressions are derived for 
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the pressure field in the fluid at distances far from the solid-fluid 
interface and in the third section the numerical procedure is 
described and results are presented for spherical cavities and in-
clusions embedded at various depths below the interface. The case of 
an oblate spheroidal cavity is also considered. The frequency spectra 
obtained using the 'exact' formulation is compared with a one term 
expansion of the mUltiple scattering process between the flaw and the 
interfaces. These in turn are compared with the single scattering 
approximation neglecting the presence of the interface. The results 
are analyzed by considering the interference of several possible ray 
paths. The predicted values of the spacing in the frequency spectra 
are compared with calculated values. For the case of oblique inci-
dence, interference between mode converted waves at the flaw and 
interface seems to be the dominant feature of the spectrum. For 
normal incidence there is a weak incerference between the single 
scattered waves and those that undergo one more reflection back to 
the flaw. These conclusions will be of use in the design of exper-
iments for NDE of subsurface flaws. 
SELF-CONSISTENT MULTIPLE SCATTERING FORMULATION 
Consider fluid-solid half spaces that interface along the planar 
boundary r. The z-axis is normal to the interface r as shown in 
Fig. 1. The fluid is assumed to be linear and isotropic, described 
by the mass density Pf and compressibility Af which results in a 
sound wave speed ef = 1rflPf. The solid is also assumed to be linear 
and isotropic and hence characterized by the Lame constants A and ~ 
and mass density p. The longitudinal or P- wave speed in the solid 
is thus cp = I(A+2~)/p and the transverse or shear wave speed cs=/~/p. 
An obstacle bounded by the surface S and enclosing a volume V is 
embedded in the elastic half space, see Fig. 1. A coordinate system 
with origin 0 in V is such that the interface r is at a distance 'd' 
above O. Let 'a' be some typical radius characterizing the scatterer. 
Plane harmonic waves of frequency '00' are generated in the fluid 
half space and are incident in a direction ko(a,S) where 'a' is 
measured with respect to the positive z-axis and S is measured in the 
x-y pl~ne, counterclockwise from the x-axis. The total displacement 
field Uf in the fluid half-space is given by 
(1) 
where 
(2) 
is the incident field and Uf is the field due to waves scattered by 
the obstacle,that are transmitted through r and O~ is the reflection 
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of the incident field by the interface r. The first two terms of 
Eq. (1) are known and we wish to derive an expression for the field 
scattered by the subsurface flaw. The time dependence exp (-iwt) of 
all fields will not be written explicitly in what follows. 
The field Usol in the elastic half-space may be written as 
follows, 
-+ -+ -+0 -+ r -+ -+s -+ 
U l(r) = U l(r) + U l(r) + U l(r) so so so so 
A -+ 
z·r < d (3) 
where U~ol is the field ~rising from the incident wave in the fluid 
transmitting through r, U§ol is a multiply scattered field th~t 
reaches the field point 1 with the final reflection from r. U~ol 
is a multiply scattered field that undergoes final scattering from 
S. These fields are schematically represented in Fig. 2. 
We now introduce the concept of exciting fields, i.e .• what are 
the fields incident on Sand r that give rise to U~ol and U~ol 
respectively such that 
-+ex -+ -+Us 
Us = Usol - sol (4) 
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(5) 
Thus from Eq. (3), we have 
-+ex -+0 + -+Ur 
Us = Usol sol (6) 
and 
(7) 
In order to relate the field exciting a surface to the field that 
it scatters via T-matrix or an R- (Reflection) matrix, as appropriate, 
it is necessary to express these fields in a suitable set of basis 
functions. In order to expand fields associated with the finite 
scatterer S, it is appropriate to use vector spherical functions. 
For the fields associated with the infinite planar surface r, it is 
more convenient to use a set of vector plane waves. But we see that 
the two types of fields are coupled by Eqs. (6) and (7). Thus it is 
necessary to introduce transformation formulae between vector 
spherical functions and vector plane waves and vice versa. An 
excellent treatment of this has been recently given by Bostrom et a13 
and we only quote the final results here. 
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The vector spherical functions are denoted as 
07 07 
~ n 07 ~ ;' = 1,2,3; ££[0,00]; m£[O,£]; a e,o 
,,,,rna ,n 
and the vector plane waves by 
-+ '" -+ '" ~j(y,r) ; j = 1,2,3 ; y = (sin a cos B, sin a sin B, cos a) • 
The symbols , and j denote the polarization of the wave, , = j = 1 
represent P- waves and "j = 2,3 represent the two components of the 
S- wave. For a detailed definition of these functions see Ref. 1. 
The transformation between the two sets of functions is given by 
A 07 \' 
<pj(y,r) = L,Jl.rna t A 07 07 B n ,(y) Re ~ n (r) 
,,,,rna,] ,,,,rna (8) 
07 07 \' fA A Ao7 Re ~ n (r) = L' dy B n ,(y) <p],(y,r) 
,,,,rna .J ,,,,rna,J (9) 
and 
07 07 
Ou ~ n (r) 
,,,,rna 
(10) 
where the matrices B,Jl.rna,j are related to the vector spherical 
harmonics. The complete integration contours C+ for z·r><O assure 
that for the left hand side to be an outgoing wave, part of the 
plane wave spectrum on the right hand side should be evanescent. 
The fields exciting the obstacle and the resulting scattered 
field are expanded as follows 
and 
(11) 
(12) 
(13) 
where the coefficients {a} and {f} are both unknown. Similarly the 
fields exciting and reflected by the interface r are given by 
o7ex(07) U r = r (14) 
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and 
-)or (-+) U 1 r so 
-+ A ¢.(y;r) 
J 
We further define the T-matrix of the obstacle S as follows 
f Tn 
and the reflection matrix R of the planar interface r as 
fJ.(Y) = LJ., R .. , (Y'Y"~)a.,(y*) JJ J 
(15) 
(16) 
(17) 
In Eq. (17), the incident and reflected wave vectors Y* and Yare 
related by Snell's law. The detailed form of the reflection matrix 
for different types of interfaces may be obtained from Brekhovskikh. 4 
The projection of the reflection matrix for vector plane waves into 
a spherical vector basis may be written as 
\' fAt A AA A 
RTn,T'n' = 2 Ljj' c_ dy BTn,j(Y) Rjj,(y,y*) BT'n',j'(y*) • (18) 
Equations (6) and (7) may now be solved in a self consistent 
manner to yield in matrix notation 
f Tn (19) 
where a , , are the coefficients of expansion of the plane wave in T n 
the fluid that has been transmitted through the solid fluid interface. 
Thus this field consists in general of both P- and S- waves that are 
polarized in the plane of incidence. We observe that the expansion 
of the matrix inverse in Eq. (19) yields a multiple scattering series, 
each term of which represents different orders of scattering between 
the obstacle and the interface r, with the final scattering from the 
obstacle denoted by aT-matrix. 
The field U~ol that can now be computed substituting Eq. (19) 
in Eq. (12) must now be transmitted through the interface r to give 
rise to U~(r) in the fluid. We can use the transmission matrix (7fj) 
for plane waves incident from the solid side of r to accomplish this. 
Thus 
f Tn , (20) 
where again y and y* the t~ansmitted and incident wave angles are 
related by Snell's law and ¢f is the plane wave in the fluid. 
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In practi~e the field scattered by the flaw is usually observed 
at distances Irl that are much larger than the flaw depth d or its 
radius a. Thus we only need the asymptotic value of the integral in 
Eq. (20) as kfr+oo. This can be conveniently done by the method of 
steepest descent. The integration on the azimuthal angle B of y is 
first performed analytically by resolving ~f into cylindrical polar 
components, measuring the angle B from p where t = z + Pp. Again 
the field is written in spherical coordinates and it is apparent 
that the ~- component of U~ is zero due to the properties of7fj' 
In the resulting integral on a over the complex contour C+, the 
contour is deformed so as to allow us to use the asymptotic form of 
the Hankel functions as kfr+ oo . The point of stationary phase is 
obtained from the roots of the equations sin (8-a) = 0 which is 
obviously 8 = a. Physically this means that in the far field, from 
the spectrum of plane waves scattered by the obstacle and reaching 
r, only one particular wave inci~ent at an angle, such that a = 8 
will propagate in the direction r. 
The final expression for the far field in the fluid is 
+s + 
exp(ikfr/kfr) I ,-Q, \m~ T: A f (cos m~) Uf(r)- r 1 YQ,mIPQ,(Y*) fl(Y) Hmer sin m~ k r+oo Q,mer f 
f (-sin m~) 
2Q,mer cos m~ 
i Lp~(y) I Y (y) f (cos mif» 
h (Hl) dy y=y! f3 3Q,mer sin m~ (21) 
As 1-; 1 + 00, the field in the fluid 
whose amplitude is given by Eq. (21). 
by the flaw contribute to the field in 
is an outgoing spherical wave 
Both P- and S- waves scattered 
the fluid. 
NUMERICAL RESULTS AND DISCUSSION 
In order to compute the amplitude of the far scattered field, 
the R- and T-rnatrices must be computed first. For cavities and 
inclusions embedded in elastic solids, the procedure for calculating 
the T-matrix has been described by Varadan and Varadan. 5 In the 
present calculations, only rotationally symmetric obstacles like 
spheroids with the rotational axis of symmetry parallel to the z-axis 
are considered. This renders all matrices block diagonal in the 
azimuthal indices m,m' and thus the calculation can be done separ-
ately for each index and the results added up. 
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The reflection and transmission factors for plane waves incident 
on a solid-fluid interface are given by Brekhovskikh. 4 However those 
expressions must be rewritten measuring all angles with respect to 
the positive z-axis and including the proper phase factors because 
the interface r is at z = d. Further the Dirac delta functions 
arising from Snell's law must be included as part of the reflection 
and transmission factors. In evaluating the integral on the complex 
contour C_ in Eq. (18), attention must be paid to the denominator of 
the reflection factors. All elements of Rjj' have a common denomin-
ator that has the form 
with 
{cos 2 Y )2 
cos Yl + \ 2 1 
where 
and v, vI and Yl are the angles that the acoustic wave, P- wave 
and S- wave, respectively make with the z-axis. 
(22) 
(23) 
The denominator has two roots one of which is complex. These 
roots correspond to the propagation of surface waves at the interface 
r. One zero of D has a complex value for Yl • This wave is called 
the leaky Rayleigh wave and has a speed nearly equal to the Rayleigh 
wave speed at a metal-water interface. This is not a true surface 
wave since the energy leaks from the solid to the fluid. The other 
root of Eq. (23) is real, and this gives rise to a Scholte wave. The 
speed of the Scholte wave is less than the lowest bulk wave speed, 
which for a metal-water interface would be the acoustic wave speed 
in water. It is a true surface wave. For a more complete descrip-
tion of these zeros we refer to Cagniard6• 
In our calculations, we deform the contour C_ to avoid these 
poles. This is achieved by changing the variable of integration to 
sin Y and integrating along a circular arc in the fourth quadrant and 
then out along the real axis. The upper limit of the integral 
depends on the parameter ksd and must be adjusted to achieve conver-
gence. The arc must swing wide enough to avoid both zeros of the 
reflection factors. In performing the integral in Eq. (2) asympto-
tically, these poles will not give any contributions at distances 
far from r since the energy is concentrated near the interface. 
In calculating the scattered field coefficients fTn from 
Eq. (19), three possible cases were considered 
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f '" T(1+RT) a 
f ::: Ta 
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(24a) 
(24b) 
(24c) 
Equation (24a) includes all multiple scattering effects between the 
flaw and the interface. Equation (24b) is a correction to the single 
scattering term by including one additional reflection from rand 
final scattering from the flaw, and finally Eq. (24c) is the single 
scattering approximation that neglects the presence of r. Eqs. (24b) 
and (24c) are expected to approach Eq. (24a) as the flaw depth 'd' 
increases. In the numerical results that are presented, all three 
forms of f are used in Eq. (21) to calculate the scattered field. Tn 
In order to compare the formulation presented here with exper-
iments that were performed by Hsu, Gray and Thompson7, the flaw was 
assumed to be a spherical cavity or steel inclusion embedded in 
epoxy at various depths below the interface r given by d/a = 1.6, 
4.62, 8.9 and 13.7. These depths range from a near surface flaw at 
d/a = 1.6 to a bulk flaw at d/a = 13.7 and hence will let us under-
stand the various approximations as well as the exact result in 
Eq. (24). The material properties are listed in the table below. 
In Fig. 3, for d/a = 4.57, the back scattered spectrum is 
plotted for normal incidence on a spherical cavity. Replacing 
(l-RT)-l by (l+RT) has no effect on the scattered field indicating 
that the amplitude of the correction is small. It produces a modu-
lation of the single scattering approximation which is also presented 
in the figure. It is clear that the phase difference between the 
two terms is due to the path difference which is 2(d-a). This would 
produce minima in the frequency spectra separated by ~kpa = 0.88. 
There is a slight minimum at ~a = 1.0 and a more pronounced one 
Table 1. Material Properties Used 
in Calculations 
Material Density Longitudinal Transverse 
p kg/m3 Wave Speed Wave Speed 
m/s m/s 
Water 1.0 1480 0 
Epoxy 1.18 2720 1340 
Steel 8.0 5800 3100 
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at kpa = 1.8. Thus the calculated spacing is 0.8. If the compu-
tation is carried out to higher values of kpa, the minima are expected 
to be more noticeable. Similar results are shown in Fig. 4 for 
d/a =8.9. Here the predicted spacing of the minima is .39 and the 
calculated spacing from the graph is 0.4. Again (l-RT)-l may be 
replaced by (l+RT) without any error. In Fig. 5, the back scattered 
field at normal incidence for d/a = 13.7 is plotted. It can be seen 
that except for a very low amplitude high frequency oscillation, the 
result is equal to the single scattering result. Again the distance 
between the minima corresponds to one sound trip path between rand S. 
In Fig. 6, for d/a = 8.86, the backscattered spectrum is plotted 
for an angle of incidence of 22° with respect to the normal to r. In 
this case all three models T, T(l+RT) as well as T(l-RT)-l give rise 
to identical results indicating that there are no multiple reflec-
tions between rand S. 
The graph indicates a strong interference between two signals 
of almost equal strength. The spectra can be explained on the basis 
of interference between different signals that arrive at different 
times. The first three processes we consider are specular reflection 
of P- and S- waves as they hit the front surface of the flaw as well 
as the mode converted P- and S- waves that propagate in particular 
directions. These four processes will be referred to as P+P, S+S, 
P+S and S+P, respectively. The paths as well as the distance 
travelled are schematically shown in Fig. 7. 
The time taken for a sound trip for the P~ process if the 
incident and reflected waves make an angle v1 with the z-axis is 
given by 
t - _2 {_d~_ 
P+P - cp cos v1 
where time is measured from the instant the incident acoustic wave 
refracts at r. 
Similarly the time taken for the P+S process with the scattered 
S-wave making an angle Y1 with respect to the z-axis is given by 
The time taken for the S+S process is given by 
tS+S = ~ S ~ co~ Y 1 - a t 
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and the time for the S+P process is 
I 1 j d-a cos 
a(+ -
, cp I cos v1 
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If the incident wave angle in the f1ui4 is \! with respect to the 
z-axis then, Snell's law relates v, Y1 and v1 as follows 
sin Y1 
c 
s 
sin v1 
c p 
The minima in the spectra are due to the difference in arrival 
times between these three possible wave paths. If tx and ty are the 
arrival times of two signals, then the spacing of the minima in a 
plot of the scattered field versus kpa is given by 
llk a p 
2na 
c It -t I p x y 
In addition there is also the possibility of interference with 
a creeping wave in the case of a cavity. However, this can be ruled 
out by examining Figs. 3, 4 and 5 for normal incidence, where there 
is no evidence of creeping waves. So it is unlikely that they are 
excited in the case of oblique incidence. 
From Fig. 6 we conclude that the first two m1n1ma are separated 
by 0.6 compared to a predicted value of 0.534 for interference between 
P P and S S signals and the third minimum is separated from the first 
by a spacing of 1.15 compared to a predicted spacing of 0.989-1.125 
for the interference of (PP, PS), (PP, SP), (SS, PS) and (SS, SP) 
signals. The spacing of 1.15 is more sharply defined due to the fact 
that four different interference processes produce the same spacing. 
These spacings are all tabulated in Fig. 7. 
In Fig. 8, the back scattered pressure is plotted for d/a = 13.68 
for an angle of incidence v = 22°. The spacing of the three minima 
is approximately 0.35 and we observe from the tabulated values in 
Fig. 7 that the predicted spacing for (PP, SS) interference is 0.326 
and that for (PP, PS), (PP, SP), (SS, PS) and (SS, SP) varies from 
0.62 to 0.69. This is in good agreement with a calculated value of 
0.7. Again the second peak is much stronger than the first for the 
reasons discussed above. 
Calculations were performed at other angles of incidence. For 
example in Fig. 9, the backscattered pressure is plotted for d/a=8.86 
for an angle of incidence of 16°. In this case, the exact inter-
ference process is not clear at the present time since the calculated 
spacing does not correspond to those predicted by (PP, SS), (PP, PS), 
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••• etc. processes. These findings are in agreement with the exper-
imental measurements of Hsu, Gray and Thompson. 7 
CONCLUSIONS 
A general theory has been formulated for the scattering of 
ultrasonic waves by a near surface flaw for an immersion tank exper-
iment. Approximations resulting from discarding various multiple 
scattering processes included in the exact theory have also been 
discussed. Calculations have been performed for inclusions and 
cavities with their rotational axes of symmetry normal to the solid-
water interface using the exact equations as well as the approximate 
ones. For normal incidence we conclude that for d/a> 4.0, it is 
enough to keep the first correction and even this produces only a 
weak modulation of the single scattered result. For oblique inci-
dence, multiple scatterings play no role and the spectrum seems to 
be only due to scattering of the longitudinal and transverse waves 
that refract on incidence at r. The spacing of the spectra for both 
cases can be explained in general by various interference processes 
and allow us to estimate the depth of the flaw. Our calculations 
are in general agreement with the experimental observations of Hsu, 
Gray and Thompson. 7 A separate report showing the comparison between 
experiment and theory is planned for the near future. 
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